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Abstract. The influence of foundation mass on the dynamic response of track-vehicle in-
teraction is studied in this paper. The moving vehicle is modeled as a two-axle mass-
spring-damper four-degrees-of-freedom system. A new dynamic foundation model, called
“Dynamic foundation model” including linear elastic spring, shear layer, viscous damp-
ing and foundation mass parameter, is used to analyze the dynamic response of the track-
vehicle interaction. The railway track on the new dynamic foundation model subjected
to a moving vehicle is regarded as an integrated system. By means of the finite element
method and dynamic balance principle, the governing equation of motion for railway
track-vehicle-foundation interaction is derived and solved by the step-by-step integration
method. The accuracy of the algorithm is verified by comparing the numerical results with
the other numerical results in the literature. The influence of foundation mass parameter
on the dynamic response of railway track-vehicle interaction is investigated. The numeri-
cal results show that with the new dynamic foundation model the foundation mass effects
more significantly on the dynamic response of track-vehicle interaction. The study shows
that the new dynamic foundation model describes the true behavior of soil in the analysis
of dynamic response of structures on the foundation.
Keywords: Winkler foundation; two-parameter foundation; dynamic foundation model;
foundation mass; track-vehicle interaction.
1. INTRODUCTION
The dynamic analysis of structure-vehicle interaction has always been an interesting
topic in the field of transportation engineering. Nowadays, with the large increase of
moving heavy vehicles and high-speed vehicles in the field highway and railway traffic,
the interaction problem between moving vehicles and structures resting on foundation
has been attracted much attention in during the many last decades.
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Besides, the Winkler model [1], one of the most fundamental foundations suggested
quite early, had been commonly used in engineering application and attracted the at-
tention of many researchers in during many last decades [2–10]. But one of the most
important deficiencies of the Winkler model is that it appears a displacement disconti-
nuity between the loaded and the unloaded part of the foundation surface [11]. Hence,
to overcome the deficiency of this model, several other foundation models had proposed
to describe more real response of soil by introducing some kind of interaction between
the independent springs by visualising various types of interconnections such as: an
additional a thin elastic membrane stretched by a constant tension [12]; plate with flex-
ural rigidity [13, 14]; an incompressible layer that resists only transverse shear deforma-
tion [15–19], or accounts for the effect of the neglected shear strain energy in the soil and
shear forces that come from surrounding soil [20–22].
It can be seen that one of the most important deficiencies of above the foundation
models is that it did not overlook the influence of the foundation mass density. In re-
ality, the foundation always has mass density, so that the foundation mass density has
to effect on the dynamic response of structure-foundation interaction during the vibra-
tion process. Recently, a new foundation model, called “Dynamic foundation model”
including linear elastic spring, shear layer, viscous damping and special consideration
of foundation mass parameter, was proposed [23–27]. Hence, the influence of founda-
tion mass on the dynamic response of the track-vehicle interaction is presented in this
paper. The railway track considered as a Timoshenko beam on dynamic foundation sub-
jected to a moving vehicle is regarded as an integrated system with the moving vehicle
modelled as a two-axle mass-spring-damper system having four degrees of freedom. By
means of finite element method and dynamic balance principle, the governing equation
of motion for railway track-vehicle interaction is derived and solved by step-by-step inte-
gration Newmark’s method. The accuracy of the algorithm is verified by comparing the
numerical results with the other numerical results in the literature. Then, the effects of
foundation mass parameter on the dynamic response of railway track-vehicle interaction
are discussed.
2. FORMULATION
2.1. Definition
The dynamic foundation model includes the elastic stiffness (the Winkler foundation
modulus k), shear layer parameter (the shear modulus ks of Pasternak foundation), vis-
cous damping c, and lumped mass m at the top of the elastic spring connected between
elastic layer and shear layer [23–27], as shown in Fig. 1.
The pressure-deflection relationship at the time t due to the pressure q(x, y, t) and
deflection W(x, y, t) is determined based on dynamic balance principle, expressed math-
ematically as follows
q(x, y, t) = kw(x, y, t) + c
∂w(x, y, t)
∂t
+ m
∂2w(x, y, t)
∂t2
− ks∇2w(x, y, t), (1)
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Fig. 1. The dynamic foundation model: (a) The basic model, (b) stress in the shear layer, (c) forces acting 
on the shear layer 
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Fig. 1. The dynamic foundation model: (a) The basic model; (b) stress in the shear layer;
(c) forces acting on the shear layer
where the lumped mass m is given by [23–27]
m = βρ f , (2)
where β is an experimental parameter characterized by the influence of density of foun-
dation ρ f . It can be said that the dynamic foundation model is a quite general foundation
model and accurately represents the characteristics of the soil for analyzing dynamic re-
sponses of structures-foundation interaction.
Consider a railway track modeled as a Timoshenko beam resting on a dynamic foun-
dation subjected to a moving vehicle with constant velocity v, as shown in Fig. 2.
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The pressure-deflection relationship at the time t du  to a pressur  q x,y,t) is determined b sed on 
dynamic balance principle, expressed mathematically as follows  
2
2
2
( , , ) ( , , )
( , , ) . ( , , ) ( , , )s
w x y t w x y t
q x y t k w x y t c m k w x y t
t t
 
= + + − 
 
  (1) 
where the lumped mass m is given by [23-27] 
fm =                           (2) 
where  is  experimental parameter characterized the influence of density of foundation. It can be 
said that the dynamic foundation model is a quite general foundation model and accurately represents 
the characteristics of the soil for analyzing dynamic responses of structures-foundation interaction. 
Consider a railway track modeled as a Timoshenko beam resting on a dynamic foundation 
subjected to a moving railway vehicle with constant velocity v, shown in Fig. 2. 
 
 
Fig. 2. The railway track subjected to a moving vehicle on the dynamic foundation 
 
The moving railway vehicle is modeled as a two-axle mass-spring-damper system and consists of a car 
body and two axles having four degrees of freedom including three vertical displacements and one 
rotation displacement [28, 29]. The car body is modeled as a rigid body with a mass Mv and a mass 
moment of inertia Iv having vertical displacement zv and rotation v about its centroid, respectively. 
The rear and front axles is interconnected with car body by a spring of stiffness kv and a dashpot of 
damping coefficient cv, respectively. The motions of its are described by the vertical displacement zw1 
and zw2 constrained by the displacement of rails, respectively. 
2.2. Formulation of element matrices 
The railway track is modeled as a uniform elastic Timoshenko beam, each beam element has 
two nodes, each node having two degrees of freedom including vertical displacement and rotation 
displacement [30]. In the present formulation, it is assumed that: (i) the beam material is isotropic; (ii) 
the vibration amplitudes of the beam are sufficiently small; (iii) bonding between the beam and the 
dynamic foundation is perfect. 
The strain energy of beam element on the dynamic foundation including the effects of both 
transverse shear deformation and the elastic foundation is given by 
( )
2 2 2
2
0 0 0 0
1 1 1 1
2 2 2 2
l l l l
e e e
e e e s
v v
U EI dx GA dx k v dx k dx
x x x

 
       
= + − + +     
       
     (3) 
The kinetic energy of the beam element on the dynamic foundation including the effects of both beam 
allowing for the rotatory inertia effect and foundation mass may be also written as 
Fig. 2. The railway track subjected to a moving vehicle on the dynamic foundation
The moving vehicle is modeled as a two-axle mass-spring-damper system and con-
sists of a car body a d two axles having four degrees of freedom including three vertical
displacements and one rotation displa ent [28,29]. The car body is mod led as a rigid
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body with a mass Mv and a mass moment of inertia Iv having vertical displacement zv
and rotation θv about its centroid, respectively. The rear and front axles is interconnected
with car body by a spring of stiffness kv and a dashpot of damping coefficient cv, re-
spectively. The motions of its are described by the vertical displacement zw1 and zw2
constrained by the displacement of rails, respectively.
2.2. Formulation of element matrices
The railway track is modeled as a set of uniform elastic Timoshenko beam elements,
each element has two nodes, each node having two degrees of freedom including vertical
displacement and rotation displacement [30]. In the present formulation, it is assumed
that: (i) the beam material is isotropic; (ii) the vibration amplitudes of the beam are suffi-
ciently small; (iii) bonding between the beam and the dynamic foundation is perfect.
The strain energy of beam element on the dynamic foundation including the effects
of both transverse shear deformation and the elastic foundation is given by
Ue =
1
2
l∫
0
EI
(
∂θe
∂x
)2
dx +
1
2
l∫
0
κGA
(
∂ve
∂x
− θe
)2
dx +
1
2
l∫
0
k (ve)
2 dx +
1
2
l∫
0
ks
(
∂ve
∂x
)2
dx.
(3)
The kinetic energy of the beam element on the dynamic foundation including the
rotatory inertia effect and foundation mass is written as
Te =
1
2
l∫
0
ρA
(
∂ve
∂t
)2
dx +
1
2
l∫
0
ρI
(
∂θe
∂t
)2
dx +
1
2
l∫
0
m
(
∂ve
∂t
)2
dx, (4)
in which E is Young’s modulus; I is the second moment of the area; G is the shear mod-
ulus; A is the cross-sectional area; κ′ is the shear coefficient depending on the shape of
the cross-section; x is the local location along the axis of the beam element; ρ is the mass
density of beam material and t is the time.
The generalized displacements of the beam element can be expressed in terms of the
element nodal displacement vector {qe} as
ve =
[
Nv1 Nv2 Nv3 Nv4
]
vei
θei
vej
θej
 = [Nv] {qe} , (5)
θe =
[
Nθ1 Nθ2 Nθ3 Nθ4
]
vei
θei
vej
θej
 = [Nθ ] {qe} , (6)
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where [Nv] and [Nθ] are the interpolation functions, given by
Nw1 =
[
1− 3ξ2 + 2ξ3 + (1− ξ)Φ] / (1+Φ) ,
Nw2 =
[
ξ − 2ξ2 + ξ3 + (ξ − ξ2)Φ/2] l/ (1+Φ) ,
Nw3 =
[
3ξ2 − 2ξ3 + ξΦ] / (1+Φ) ,
Nw4 =
[−ξ2 + ξ3 − (ξ − ξ2)Φ/2] l/ (1+Φ) ,
Nθ1 = 6
(−ξ + ξ2) / [l (1+Φ)] ,
Nθ2 =
[
1− 4ξ + 3ξ2 + (1− ξ)Φ] / (1+Φ) ,
Nθ3 = 6
(
ξ − ξ2) / [l (1+Φ)] ,
Nθ4 =
[−2ξ + 3ξ2 + ξΦ] / (1+Φ) ,
(7)
where ξ = x/l is the nondimensional axial coordinate and Φ = 12EI/(κ′GAl2) is the
shear deformation parameter. The flexural strain κe and the shear strain φe within the
element are defined as
κe =
∂θe
∂x
= [Bb] {qe} , (8)
φe =
∂ve
∂x
− θe = [Bs] {qe} , (9)
in which
[Bb] =
1
l
∂
∂ξ
[Nθ ] , (10)
[Bs] =
1
l
∂
∂ξ
[Nv]− [Nθ ] = [Bv]− [Nθ ] . (11)
Substituting Eqs. (5)–(11) into Eqs. (3)–(4) and rearrangement of this equations. The
strain Ue and kinetic energy Te can be expressed in terms of the element nodal displace-
ment vector {qe} as
Ue =
1
2
{q}Te [Kv] {q}Te +
1
2
{q}Te [Kθ ] {q}Te +
1
2
{q}Te [Kw] {q}Te +
1
2
{q}Te [Ks] {q}Te , (12)
Te =
1
2
{q˙}Te [Mv] {q˙}Te +
1
2
{q˙}Te [Mθ ] {q˙}Te +
1
2
{q˙}Te [MF] {q˙}Te , (13)
where the superposed dots denote differentiation with respect to time t.
It can be seen that the respective overall stiffness and mass element matrices include
effect of [Kv], bending stiffness matrix; [Kθ], shear stiffness matrix; [Kv], elastic founda-
tion stiffness matrix; [Ks], shear foundation stiffness matrix; [Mv], consistent mass matrix
for translational inertia; [Mθ], consistent mass matrix for rotatory inertia; and [MF], con-
sistent mass matrix for foundation mass inertia, respectively, given by
[Ke] = [Kv] + [Kθ ] + [Kw] + [Ks] , (14)
[Me] = [Mv] + [Mθ ] + [MF] , (15)
22 Phuoc T. Nguyen, Trung D. Pham, Hoa P. Hoang
in which
[Kv] =
∫ l
0
[Bb]
TEI [Bb] ldξ, [Kθ ] =
∫ l
0
[Bs]
TκGA [Bs] ldξ, (16)
[Kw] =
∫ l
0
[Nv]
Tk [Nv] ldξ, [Ks] =
∫ l
0
[Ns]
Tks [Ns] ldξ, (17)
and
[Mv] =
∫ l
0
[Nv]
TρA [Nv] ldξ, [Mθ ] =
∫ l
0
[Nθ ]
TρI [Nθ ] ldξ, (18)
[MF] =
∫ l
0
[Nv]
Tm [Nv] ldξ. (19)
The viscous damping property of the foundation is considered to be the dashpots
system, the damping matrix of foundation can be expressed as
[Ce] =
∫ l
0
[Nv]
Tc [Nv] ldξ. (20)
It can be computed by using the dissipation energy of these dashpots.
2.3. The governing equation of motion
It is assumed that each axle vehicle always keeps in contact with the upper rail-
way; the horizontal distance of two contact points between vehicle and beam is ξ1 and
ξ2 from the left endpoint of the i1-th and i2-th beam elements at time t, respectively; and
that for the convenience of describing the equations of motion of railway vehicle-track-
foundation interaction element the i1-th element and the i2-th element are not adjacent,
shown in Fig. 3. The governing differential equation for the displacement of moving
railway vehicle can be obtained by considering the free bodies diagram shown in Fig. 4.
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( ) ( )
( ) ( )
vg v vI v v I v v wI1 w w1 wI2 w w2
s1 v v v w1 s s2 v v v w2 s
d1 v v v w1 d2 v v v w2 wg w
f = M g, f = M z ,m = I φ , f = m z , f = m z
f = k z -0,5φ D - z - δ , f = k z +0,5φ D - z - δ
f = c z -0,5φ D - z , f = c z +0,5φ D - z , f = m g
        (21) 
where s is the static displacement of spring kv, defined as 
1
2
v s vk δ = M g             (22) 
Based on the dynamic balance principle of each free body diagram, the governing equation of motion 
of the moving vehicle can be written as follows 
( ) ( ) =v v v v w1 w2 v v w1 w2M z +c 2z - z - z +k 2z - z - z 0              (23) 
( ) ( )v v v v w1 w2 v v w1 w2I φ +0,5D c Dφ + z - z +k Dφ + z - z = 0               (24) 
( ) ( ) ( )w w1 v v v w1 v v v w1 v w c1m z +c -z +0,5φ d+z +k -z +0,5φ d+z = - 0,5M +m g+ f        (25) 
( ) ( ) ( )w w2 v v v w2 v v v w2 v w c2m z +c -z -0,5φ d+z +k -z -0,5φ d+z = - 0,5M +m g+ f        (26) 
or it can be expressed in term of the matrix as 
v v v v v v
2
v v v v
w w1 v v v w1
w w2 v v v w2
v v v
2
v v v
v v
M 0 0 0 z 2c 0 -c -c z
0 I 0 0 φ 0 0,5D c 0,5Dc -0,5Dc φ
+ +
0 0 m 0 z -c 0,5Dc c 0 z
0 0 0 m z -c -0,5Dc 0 c z
2k 0 -k -k
0 0,5D k 0,5Dk -0,5Dk
-z 0,5Dk
       
       
         
      
             
( )
( )
v
c1
v wv w1 c2
vv v v w2 w
0 00z
0 00φ f
= +
- 0,5M + m gk 0 z f1 0
- 0,5M + m g-z -0,5Dk 0 k z 0 1
       
       
              
          
                
       (27) 
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The interaction forces between the car body and each wheel are given by
fvg = Mvg, fvI = Mv z¨v, mI = Iv ϕ¨v, fwI1 = mw z¨w1, fwI2 = mw z¨w2,
fs1 = kv (zv − 0.5ϕvD− zw1 − δs) , fs2 = kv (zv + 0.5ϕvD− zw2 − δs) ,
fd1 = cv (z˙v − 0.5ϕvD− zw1) , fd2 = cv (z˙v + 0.5ϕvD− zw2) , fwg = mwg,
(21)
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Fig. 4. Model of the free bodies diagram of moving railway vehicle 
where fc1 and fc2 are the contact force between the rear and front axle and railway, respectively 
( )
( )
v
c1 w w1 v v v v w
v
c2 w w2 v v v v w
φ
f = m z +0,5M z - I + 0,5M +m g
d
φ
f = m z +0,5M z + I + 0,5M +m g
d
          (28) 
It is assumed that each axle vehicle is assumed to be always in contact with the railway, the 
displacement, velocity and acceleration field of each axle equals to the deflection of the railway at the 
contact position of each axle (1 and 2), can be expressed in terms of the nodal displacement, velocity 
and acceleration vector as  
        
        
1 1 1
2 2 2
1 1 1 1 1 1
2 2 2 2 2 2
, ,
, ,
w v e w v e w v ei th i th i th
w v e w v e w v ei th i th i th
z z z
z z z
= = =
= = =
N q N q N q
N q N q N q
          (29) 
where [Nv1] and [Nv2] are the value of interpolation function depending on the coordinate 1 and 2 
corresponding with the position of each axle on the railway element i1th and i2th at the time t, 
respectively. 
At each time step, the governing differential equation of the railway element resting on the 
dynamic foundation subjected to moving railway vehicle at time t can be expressed as 
         ( ) e e e e e e i vi ci+ + = - x vt f −M q C q K q N           (30) 
where (xi-vt) is the Dirac delta function and i (i1th or i2th) denotes contact element between railway 
and contact force, respectively. By means the finite element theory, the corresponding degrees of 
freedom of the railway element on dynamic foundation and moving railway vehicle (Eq. (23) and 
(24)) are connected in the global coordinate, the equation of motion of the system railway track-
vehicle interaction on dynamic foundation in each time step is defined as follows 
       + + =M U C U K U F
                
          (31) 
where M, C, and K are the overall mass, damping and stiffness matrices of the system, respectively; 
U and F is the nodal displacement vector and the external force vector of the system, respectively. 
The Eq. (31) is used for studying the dynamic response of the railway track-vehicle-foundation 
interaction and solved by means of the direct step-by-step integration method based on Newmark’s 
algorithm. 
3. NUMERICAL RESULTS 
3.1. Verified examples 
Before studying numerical results, in order to verify the accuracy of the above formulation and 
the computer program using MATLAB developed by the authors, the results obtained from the present 
Fig. 4. Model of the free bodies diagram of moving railway vehicle
where δs is the static displacement of spring kv, defined as
kvδs =
1
2
Mvg. (22)
Based on the dynamic balance principle of each free body diagram, the governing equa-
tion of motion of the moving vehicle can be written as follows
Mv z¨v + cv (2z˙v − z˙w1 − z˙w2) + kv (2zv − zw1 − zw2) = 0, (23)
Iv ϕ¨v + 0.5D [cv (Dϕ˙v + z˙w1 − z˙w2) + kv (Dϕv + zw1 − zw2)] = 0, (24)
mw z¨w1+cv (−z˙v+0.5ϕ˙vd+z˙w1)+kv (−zv+0.5ϕvd+zw1)=− (0.5Mv+mw) g+ fc1, (25)
mw z¨w2+cv (−z˙v−0.5ϕ˙vd+z˙w2)+kv (−zv−0.5ϕvd+zw2)=− (0.5Mv+mw) g+ fc2, (26)
or it can be expressed in the matrix form as
Mv 0 0 0
0 Iv 0 0
0 0 mw 0
0 0 0 mw


z¨v
ϕ¨
z¨w1
z¨w2
+

2cv 0 −cv −cv
0 0.5D2cv 0.5Dcv −0.5Dcv
−cv 0.5Dcv cv 0
−cv −0.5Dcv 0 cv


z˙v
ϕ˙
z˙w1
z˙w2
+
2kv 0 −kv −kv
0 0.5D2kv 0.5Dkv −0.5Dkv
−zv 0.5Dkv kv 0
−zv −0.5Dkv 0 kv


zv
ϕ
zw1
zw2

=

0
0
− (0.5Mv + mw) g
−(0.5Mv + m)wg
+

[
0 0
0 0
]
[
1 0
0 1
]

{
fc1
fc2
}
,
(27)
where fc1 and fc2 are the contact forces between the rear and front axle and railway,
respectively,
fc1 = mw z¨w1 + 0.5Mv z¨v − Iv ϕ¨v
/
d + (0.5Mv + mw) g,
fc2 = mw z¨w2 + 0.5Mv z¨v + Iv ϕ¨v
/
d + (0.5Mv + mw) g.
(28)
It is assumed that each axle vehicle is assumed to be always in contact with the rail-
way, the displacement, ve ocity and acceleration fi ld of each axle at the contact position
of each axle (ξ1 and ξ2), can be expressed in terms of the nodal displacement, velocity
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and acceleration vector as
zw1 = [Nv1] {qe}i1th, z˙w1 = [Nv1] {q˙e}i1th, z¨w1 = [Nv1] {q¨e}i1th,
zw2 = [Nv2] {qe}i2th, z˙w2 = [Nv2] {q˙e}i2th, z¨w2 = [Nv2] {q¨e}i2th,
(29)
where [Nv1] and [Nv2] are the values of interpolation function depending on the coordi-
nate ξ1 and ξ2 corresponding with the position of each axle on the railway element i1-th
and i2-th at the time t, respectively. At each time step, the governing differential equation
of the railway element resting on the dynamic foundation subjected to moving railway
vehicle at time t can be expressed as
[Me] {q¨e}+ [Ce] {q˙e}+ [Ke] {qe} = −δ (xi − vt) [Nvi] fci, (30)
where δ(xi − vt) is the Dirac delta function and i (i1-th or i2-th) denotes contact element
between railway and contact force, respectively. By means the finite element theory, the
corresponding degrees of freedom of the railway element on dynamic foundation and
moving railway vehicle (Eqs. (23) and (24)) are connected in the global coordinate, the
equation of motion of the system railway track-vehicle interaction on dynamic founda-
tion in each time step is defined as follows
M
{
U¨
}
+C
{
U˙
}
+K {U} = {F} , (31)
where M, C, and K are the overall mass, damping and stiffness matrices of the system,
respectively; {U} and {F} are the nodal displacement vector and the external force vector
of the system, respectively. Eq. (31) is used for studying the dynamic response of the
railway track-vehicle-foundation interaction and solved by means of the direct step-by-
step integration method based on Newmark’s algorithm.
3. NUMERICAL RESULTS
3.1. Verified examples
Before studying numerical results, in order to verify the accuracy of the above formu-
lation and the computer program using MATLAB developed by the authors, the results
obtained from the present study are compared with available results in the literature.
In the first example, free vibration of a simple support Timoshenko beam resting on a
dynamic foundation without the effect of foundation mass is analyzed. The dimension-
less parameters K1 and K2 representing the stiffness of the springs and shear layer of the
dynamic foundation and the dimensionless natural frequency λ are defined as follows
K1 =
kL4
EI
, K2 =
kSL2
pi2EI
, λ = ωL2
√
ρA
EI
, (32)
where ω is the natural circular frequency of the beam. The convergences of the lowest
natural frequencies are compared with the results in the literature, shown in Tab. 1.
In the next example, the dynamic response of a simple support beam without foun-
dation subjected to a moving two-axle vehicle is investigated. The data adopted for the
beam and moving vehicle are similar to those in [28]. The time history of vertical dis-
placement of the midpoint is compared with those of this literature, shown in Fig. 5.
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Table 1. The dimensionless natural frequencies λ of the beam
L/h K1 K2 Present Reference [31]
10
0
1
13.8163 13.8162
10 14.1708 14.1709
102 17.0327 17.0326
103 34.3964 34.3963
104 100.5570 100.5564
105 313.8910 314.9778
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study are compared with available results in the literature. In the first example, free vibration of a 
simple support Timoshenko beam resting on a dynamic foundation without the effect of foundation 
mass is analyzed. The dimensionless parameters K1 and K2 representing the stiffness of the springs and 
shear layer of the dynamic foundation and the dimensionless natural frequency  are defined as 
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1 2 2
, S
k LkL
K K
EI EI
= =
     
2 AL
EI

 =
           
          (32) 
where  is the natural circular frequency of the beam. The convergences of the lowest natural 
frequencies are compared with the results in the literature, shown in Table 1. 
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In the next example, the dynamic response of a simple support beam without foundation 
subjected to a moving two-axle vehicle is investigated. The following data are adopted the beam and 
the moving vehicle similar to [28] and the time history of vertical displacement of the midpoint is 
compared with those of this literature, shown in Fig. 5. 
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Fig. 5. Time history of vertical displacement of the midpoint of the beam 
Through above examples, the numerical results from the program based on the suggested 
formulation show quite good agreement with numerical results in the literature. Therefore, the 
program which will analyze the influence of many parameters on the dynamic response of the railway 
track-vehicle-foundation interaction is reliable. 
3.2. Numerical investigation 
In this section, the effects of foundation mass on the dynamic response of railway track-vehicle-
foundation interaction are analyzed. The physical and geometric properties of the railway track, 
vehicle and dynamic foundation are listed in Table 2.  
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Fig. 5. Time history of vertical displacement of the midpoint of the beam
Through above examples, the numerical results from the program based on the sug-
gested formulation show quite good agreement with numerical results in the literature.
Therefore, the program which will analyze the influence of many parameters on the dy-
namic response of the railway track-vehicle-foundation interaction is reliable.
3.2. Numerical investigation
In this section, the effects of foundation mass on the dynamic response of railway
track-vehicle-foundation interaction are analyzed. The physical and geometric properties
of the railway track, vehicle and dynamic foundation are listed in Tab. 2.
In this subsection the influence of foundation mass parameter on the dynamic be-
havior of the railway track-vehicle interaction is investigated. The time history vertical
displacement of the midpoint of the track is plotted in Fig. 6.
It is seen that the mass density of dynamic foundation effects significantly on the
dynamic analysis of the railway track-vehicle-foundation interaction. It increases the
vertical displacement of the midpoint of the track (see in Figs. 6(a) and 6(b)) but some-
times it also decreases the dynamic response of the track with an increase of value of the
foundation mass parameter (see in Figs. 6(c) and 6(d)). Hence, it can be seen that the
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Table 2. Properties of railway track, vehicle and dynamic foundation
Item Notation Unit Value
Railway track [32]
Young’s modulus E GPa 210
Shear modulus G GPa 77
Mass density ρ kg/m3 7850
Cross sectional area A m2 7.690× 10−3
Second moment of area I m4 3.055× 10−5
Shear coefficient κ 0.4
Moving Railway Vehicle [28]
Mass of car body Mv kg 4.8× 104
Mass moment of inertia Iv kgm2 2.5× 106
Spring stiffness kv N/m 1.5× 106
Dashpot coefficient cv Ns/m 8.5× 104
Mass of each axle mw kg 5× 103
Longitudinal distance D m 18
Dynamic foundation [32]
Elastic parameter k N/m2 108
Shear parameter ks N 66687500
Viscous damping c Ns/m2 1.5× 106
Foundation mass density ρ f kg/m3 1800
mass density of dynamic foundation has an influence on the dynamic response of the
railway track-vehicle-foundation interaction.
To show more clearly the influence of the foundation mass parameter on dynamic
analysis of the interaction between railway track-vehicle and foundation, the effects of
the mass density of foundation on dynamic magnification factor (DMF) are investigated
for various values of the velocity of the moving vehicle. Figs. 7–9 show that in the range
of high velocity, the effects of the mass density of foundation on the DMFs of vertical
displacement of the track are so quite clear, and the comparisons show that the mass
density of foundation increases and also decreases the DMFs of the track for the present
model more than for the foundation model without the mass density (β = 0).
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Fig. 6. Time history of vertical displacement of the midpoint of the track: 
(a) v=50 m/s, (b) v=100 m/s, (c) v=150 m/s, (d) v=200 m/s 
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Fig. 6. Time history of vertical displacement of the midpoint of the track: 
(a) v=50 m/s, (b) v=100 m/s, (c) v=150 m/s, (d) v=200 m/s 
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Fig 6. Time history of vertical displacement of the midpoint of the track: 
(a) v=50 m/s, (b) v=100 m/s, (c) v=150 m/s, (d) v=200 m/s 
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(d) v = 200 m/s
Fig. 6. Time history of vertical displacement of the midpoint of the track
Phuoc T. Nguyen, Trung D. Pham and Hoa P. Hoang 10 
As shown in Fig. 6, the mass density of dynamic foundation effects quite clear on dynamic 
analysis of the railway track-vehicle-foundation interaction. It increases time history of vertical 
displacement of the midpoint of the track (see in Figs. 6a and 6b) but sometimes it also decreases the 
dynamic response of the track with an increase of values of the foundation mass parameter, shown in 
Figs. 6c and 6d. Hence, it can be seen that the mass density of dynamic foundation has an influence on 
the dynamic response of the railway track-vehicle-foundation interaction. 
To show more clearly the influence of the foundation mass parameter on dynamic analysis of 
the interaction between railway track-vehicle and foundation, the effects of the mass density of 
foundation on dynamic magnification factor (DMF) are investigated for various values of the velocity 
of the moving railway vehicle, plotted in Figs. 7-9. 
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Fig. 7. The DMFs of vertical displacement of the railway track for various spring stiffness: 
(a) k= 108N/m2, (b) k= 5x108 N/m2 
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Fig. 8. The DMFs of vertical displacement of the railway track for various shear layer stiffness: 
(a) ks= 107 N, (b) ks= 109 N 
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Fig. 9. The DMFs of vertical displacement of the railway track for the various mass density of foundation:  
(a) f= 1700 kg/m3, (b) f = 1900 kg/m3 
(a) k = 108 N/m2
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Fig. 7. The DMFs of vertical displacement of the railway track for various spring stiffness: 
(a) k= 108N/m2, (b) k= 5x108 N/m2 
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Fig. 9. The DMFs of vertical displac ment of the railway track for the various mass density f foundation:  
(a) f= 1700 kg/m3, (b) f = 1900 kg/m3 
(b) k = 5× 108 N/m2
Fig. 7. The DMFs of vertical displacement of the railway track for various spring stiffness
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As shown in Fig. 6, the mass density of dynamic foundation effects quite clear on dynamic 
analysis of the railway track-vehicle-foundation interaction. It increases time history of vertical 
displacement of the midpoint of the track (see in Figs. 6a and 6b) but sometimes it also decreases the 
dynamic response of the track with an increase of values of the foundation mass parameter, shown in 
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the dynamic response of the railway track-vehicle-foundation interaction. 
To show more clearly the influence of the foundation mass parameter on dynamic analysis of 
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Fig. 9. The DMFs of vertical displacement of the railway track for the various mass density
of foundation
4. CONCLUSIONS
The influences of foundation mass density on dynamic analysis of railway track un-
der moving railway vehicle are investigated by means of the finite element method. The
railway track modeled as a Timoshenko beam subjected to a moving vehicle modeled as
a two-axle mass-spring-damper system on a dynamic foundation model including linear
elastic spring, shear layer, viscous damping and mass density of foundation. The railway
track, vehicle and dynamic foundation are regarded as an integrated system and the gov-
erning equation of motion of the system is solved by the step-by-step integration method.
The parametric analysis has been performed to investigate the effects of mass density of
dynamic foundation with various values of the stiffness of foundation and velocity of
the vehicle on the dynamic analysis of the system. A comparison shows that the mass
The influence of foundation mass on dynamic response of track-vehicle interaction 29
density of the dynamic foundation effects significantly on the dynamic response of the
system in the range of high velocity.
ACKNOWLEDGMENT
This research is funded by Vietnam National Foundation for Science and Technology
Development (NAFOSTED) under grant number 107.01-2017.23.
REFERENCES
[1] E. Winckler. Die lehre von elastizitat und festigkeit. Dominicus, Prague, (1867).
[2] D. Younesian, Z. Saadatnia, and H. Askari. Analytical solutions for free oscillations of beams
on nonlinear elastic foundations using the variational iteration method. Journal of Theoretical
and Applied Mechanics, 50, (2), (2012), pp. 639–652.
[3] R. U. A. Uzzal, R. B. Bhat, and W. Ahmed. Dynamic response of a beam subjected to mov-
ing load and moving mass supported by Pasternak foundation. Shock and Vibration, 19, (2),
(2012), pp. 205–220. https://doi.org/10.1155/2012/919512.
[4] K. Q. Do and T. C. Nguyen. Dynamic response of plate on visco-elastic foundation consid-
ering the mass of moving object. In International Symposium on Dynamics and Control, Hanoi,
(2012), pp. 215–227.
[5] J. S. Kim and M. K. Kim. The dynamic response of an Euler-Bernoulli beam on an elastic
foundation by finite element analysis using the exact stiffness matrix. Journal of Physics: Con-
ference Series, 382, (1), (2012). https://doi.org/10.1088/1742-6596/382/1/012008.
[6] D. K. Nguyen, T. H. Trinh, and G. B. Sthenly. Post-buckling response of elastic-plastic beam
resting on an elastic foundation to eccentric axial load. The IES Journal Part A: Civil & Struc-
tural Engineering, 5, (1), (2012), pp. 43–49. https://doi.org/10.1080/19373260.2012.652769.
[7] L. Wang, J. Ma, J. Peng, and L. Li. Large amplitude vibration and parametric instability of
inextensional beams on the elastic foundation. International Journal of Mechanical Sciences, 67,
(2013), pp. 1–9. https://doi.org/10.1016/j.ijmecsci.2012.12.002.
[8] S. B. Cos¸kun, B. O¨ztu¨rk, and U. Mutman. Adomian decomposition method for vibration of
nonuniform Euler beams on elastic foundation. In Proceedings of the 9th International Confer-
ence on Structural Dynamics, EURODYN 2014, Porto, Portugal, (2014), pp. 1935–1940.
[9] P. C. Jorge, F. M. F. Simo˜es, and A. P. Da Costa. Dynamics of beams on non-uniform non-
linear foundations subjected to moving loads. Computers & Structures, 148, (2015), pp. 26–34.
https://doi.org/10.1016/j.compstruc.2014.11.002.
[10] D. Froio, R. G. Moioli, and E. Rizzi. Numerical dynamic analysis of beams on nonlinear
elastic foundations under harmonic moving load. Eccomas Proceedia, 2149, (2016), pp. 4784–
4809. https://doi.org/10.7712/100016.2149.7515.
[11] I.-B. Teodoru. Beams on elastic foundation the simplified continuum approach. Buletinul In-
stitutului Politehnic din lasi. Sectia Constructii, Arhitectura, 55, (4), (2009), pp. 37–45.
[12] M. M. Filonenko-Borodich. Some approximate theories of elastic foundation. Uchenyie Za-
piski Moskovkogo Gosudarstuennogo Universiteta Mekhanika, Moscow, 46, (1940), pp. 3–18. (in
Russian).
[13] M. Hete´nyi. Beams on elastic foundation: theory with applications in the fields of civil and mechani-
cal engineering. University of Michigan Press, Ann Arbor, (1946).
[14] M. Hete´nyi. Beams on elastic foundation. University of Michigan Press, (1950).
[15] P. L. Pasternak. On a new method of analysis of an elastic foundation by means of two constants.
Gosudarstvennoe Izdatelstvo Literaturi po Stroitelstvui Arkhitekture, (1954). (in Russian).
30 Phuoc T. Nguyen, Trung D. Pham, Hoa P. Hoang
[16] E. Reissner. A note on deflections of plates on a viscoelastic foundation. Journal of Applied
Mechanics, 25, (1958), pp. 144–145.
[17] E. Reissner. Note on the formulation of the problem of the plate on an elastic foundation.
Acta Mechanica, 4, (1), (1967), pp. 88–91. https://doi.org/10.1007/bf01291090.
[18] A. D. Kerr. Elastic and viscoelastic foundation models. Journal of Applied Mechanics, 31, (3),
(1964), pp. 491–498. https://doi.org/10.1115/1.3629667.
[19] A. D. Kerr. A study of a new foundation model. Acta Mechanica, 1, (2), (1965), pp. 135–147.
https://doi.org/10.1007/bf01174308.
[20] V. Z. Vlasov and U. N. Leont’ev. Beams, plates and shells on elastic foundation. Israel Program
for Scientific Translation, (1966).
[21] R. Jones and J. Xenophontos. The Vlasov foundation model. International Journal of Mechanical
Sciences, 19, (6), (1977), pp. 317–323. https://doi.org/10.1016/0020-7403(77)90084-4.
[22] K. Ozgan. Dynamic analysis of thick plates including deep beams on elastic foun-
dations using modified Vlasov model. Shock and Vibration, 20, (1), (2013), pp. 29–41.
https://doi.org/10.1155/2013/856101.
[23] D. T. Pham, P. H. Hoang, and T. P. Nguyen. Dynamic response of beam on a new foundation
model subjected to a moving oscillator by finite element method. In 16th Asia Pacific Vibration
Conference, Hanoi, Vietnam, (2015), pp. 244–250.
[24] T. P. Nguyen, D. T. Pham, and P. H. Hoang. A new foundation model for dynamic analysis of
beams on nonlinear foundation subjected to a moving mass. Procedia Engineering, 142, (2016),
pp. 166–173. https://doi.org/10.1016/j.proeng.2016.02.028.
[25] P. T. Nguyen, T. D. Pham, and H. P. Hoang. A dynamic foundation model for the analysis
of plates on foundation to a moving oscillator. Structural Engineering and Mechanics, 59, (6),
(2016), pp. 1019–1035. https://doi.org/10.12989/sem.2016.59.6.1019.
[26] D. T. Pham, P. H. Hoang, and T. P. Nguyen. Dynamic response of beam on a new non-uniform
dynamic foundation subjected to a moving vehicle using finite element method. IJERT, 6, (3),
(2017), pp. 279–285. https://doi.org/10.17577/ijertv6is030244.
[27] T. D. Pham, P. H. Hoang, and T. P. Nguyen. Experiments on influence of foundation mass
on dynamic characteristic of structures. Structural Engineering and Mechanics, 65, (5), (2018),
pp. 505–511.
[28] P. Lou. A vehicle-track-bridge interaction element considering vehicle’s pitch-
ing effect. Finite Elements in Analysis and Design, 41, (4), (2005), pp. 397–427.
https://doi.org/10.1016/j.finel.2004.07.004.
[29] S. H. Ju. Finite element investigation of traffic induced vibrations. Journal of Sound and Vibra-
tion, 321, (3-5), (2009), pp. 837–853. https://doi.org/10.1016/j.jsv.2008.10.031.
[30] T. Yokoyama. Vibration analysis of Timoshenko beam-columns on two-parameter
elastic foundations. Computers & Structures, 61, (6), (1996), pp. 995–1007.
https://doi.org/10.1016/0045-7949(96)00107-1.
[31] H. Matsunaga. Vibration and buckling of deep beam-columns on two-parameter
elastic foundations. Journal of Sound and Vibration, 228, (2), (1999), pp. 359–376.
https://doi.org/10.1006/jsvi.1999.2415.
[32] H. Ding, K. L. Shi, L. Q. Chen, and S. P. Yang. Dynamic response of an infinite Timoshenko
beam on a nonlinear viscoelastic foundation to a moving load. Nonlinear Dynamics, 73, (1-2),
(2013), pp. 285–298. https://doi.org/10.1007/s11071-013-0784-0.
